In this analysis we more accurately capture the cointegrating relationship between natural gas and crude oil prices by endogenously incorporating shifts in the cointegrating vector into the estimation of the cointegrating equation. Specifically, we allow the cointegrating equation to switch between m states, according to a first-order Markov process. First, we find evidence that regime-switching exists in the relative pricing relationship, and that two is the optimal number of states. Once we control for shifts in the cointegrating vector, we find natural gas and crude oil prices are cointegrated, and an error correction model (ECM) of their long-term equilibrium relationship is properly specified. This finding broadens the ECM model of their relationship to longer and more varied sample periods. Also, in a direct comparison of the two and one state cointegrating equations, we found evidence of the potential superiority of the two-state equation, in that it may be robust to shifts in the cointegrating vector which are missed by standard tests for a unit root. Further, our analysis finds evidence that natural gas and crude oil prices did not permanently 'decouple' in the early 2000s, but rather experienced a temporary shift in regimes. We find that forecasts of the relative pricing of natural gas and crude oil should be conditioned on state probability.
Introduction
Many recent studies on the long-term relationship between natural gas and crude oil prices have found that the series are generally cointegrated (Serletis and Herbert ( approach will afford a probability law over the entire data generating process which takes into account distinct changes in the cointegrating vector.
Once such regime changes are controlled for in this manner, one can model the long-term equilibrium relationship between natural gas and crude oil over wider and more varied sample periods. This affords a better measure of present energy market integration, possibly better forecasts of relative prices, and a more thorough understanding of how technological changes affect the natural gas and crude oil pricing relationship.
That the regime-switching is endogenous is an important point. In our model, changes in regime are determined solely by the underlying data generating process. This obviates biases an econometrician may have in determining whether regime changes exist, and the timing of such changes.
Some events which may induce regime switches in the relationship between natural gas and oil are technological changes and legislation, among others. For example, Hartley et al (2008) found evidence that the marked increase in the use of the combined-cycle combustion turbines for electricity generation in the late 1990s made natural gas electricity generation more cost effective, thereby substantially increasing demand for natural gas and thereby increasing prices. More recently, an increase in the supply of shale gas because of the introduction of hydrofracking has driven North American natural gas prices lower.
Including such structural breaks into any model of the relationship is important because, In this analysis we further offer an answer to the idea that the relative pricing relationship between natural gas and oil permanently 'decoupled'. Using the regime-switching model, and data though 2012, we will show that the parameters governing the relationship between natural gas and crude oil did indeed change from 2000-2009 3 , however the parameters have since reverted to their pre-2000 values. That is, the 'decoupling' was a temporary shift in regimes.
Throughout this paper we use a standard error correction model (ECM) analysis similar to prior literature, but with our regime-switching cointegrating equation. We first estimate an ECM over our entire sample and review the results. We then estimate an ECM over a subinterval for which we can also estimate a control (the standard nonswitching cointegrating equation), and compare our results to this control.
Lastly, understanding the relative pricing of natural gas and oil is important for both corporate managers and policymakers. Models of the pricing relationship are necessary to estimate cash flows in the long-term capital budgeting plans of both energy producers and consumers. For instance dynamics of the relationship may dictate whether an energy producer should drill wells to target natural gas or oil. Alternatively, the relative pricing may determine the type of fuel to use when building a power plant. For policymakers the relative pricing may affect decisions from permitting energy transportation infrastructure to setting royalty payments.
The paper is as follows: section 2 presents the Markov-switching cointegration equation, the determination of the number of states, and results; section 3 describes the ECM and results; section 4 concludes.
Markov-Switching Cointegrating Equation
The cointegrating equation with first-order, M-state, endogenous Markov-switching parameters may be written as:
,
and (2)
where for , if then , and otherwise. PHH and PWTI refer to the log of natural gas and crude oil prices respectively. β0,St, β1,St, and σSt are parameters to be estimated for each state St, and pij is the transition probability from sate i to state j.
Construction of the likelihood function for the above Markov Switching cointegrating equation was done using the Hamilton filter (see Hamilton (1994) or Kim and Nelson (1999)).
Minimization of the negative log-likelihood was done using the optim function in the R programming language. The minimization was unconstrained.
The residuals of the m-state model are weighted by filtered state probability, which is the probability that the relationship is in state St given information only through time t-1. This means probabilities in the residual are not biased by using information through time 
Determining the number of states
The prior literature has generally alluded to two regimes in the natural gas and crude oil relationship: one regime where crude oil prices are relatively high compared to natural gas However, to determine the appropriate number of states we estimated the cointegrating equation allowing for the number of states to range from one to three. Note, a one-state equation 4 Smoothed probabilities are , which are the probabilities that the model is in state m at time t given information through time T.
is the standard, non-switching, cointegrating equation. We compared the results of each model based on the behavior of the residuals, the estimated state probabilities, and Akaike's Information Criterion (AIC) 5 . Ultimately, we concluded that two states best described the process.
Comparing the one and two state models, we cannot reject a unit root in the residuals of the one-state cointegrating equation using either monthly or weekly prices. This is evidence that the logs of natural gas and oil prices are not cointegrated in the one-state model. Importantly, this means an ECM of the relationship between crude oil and natural gas is internally inconsistent 6 with respect to the residuals in the one-state cointegrating equation.
Alternatively, using the two-state model we reject the null of a unit root in the residuals of the cointegrating equation at the 1% level for both the Augmented Dickey-Fuller and the Phillips-Perron tests, and for both weekly and monthly prices. This is evidence that the two series are cointegrated in the two-state model. That is, the series are cointegrated once we control for shifts in the cointegrating vector. An ECM is therefore appropriate in this case.
[ where E(Dm) is the expected duration of state m, and pmm is the probability of being in state m at time t given the process was in state m at time t-1. 8 We expect the expected state duration to be shorter for weekly prices given the increased number of opportunities to transition in a fixed time period. two-state model is more appropriate for modeling the cointegrating equation of natural gas and oil prices.
[INSERT FIGURES 1, 2, 3, AND 4 HERE]
Error Correction Model with Regime Dependent Residuals
In this section we use the state-weighted residuals from the switching cointegration regression to estimate an ECM of natural gas and crude oil prices over the entire sample period (June 1997 -September 2012). We report results from this ECM, however standard practice is to not compare them to a similar ECM using the nonswitching residuals, because as we saw in the earlier section we cannot reject a unit root in the nonswitching residuals 9 .
We therefore also find the longest, and most recent, time period where the residuals from both the one and two state cointegrating equations admit rejection of the null hypothesis of a unit root at a 5% significance level. This is the subinterval from October 2004 to September 2012.
We then estimate ECMs, using both one and two state cointegrating equation residuals, over this subinterval of the full sample period and compare the results.
We estimate a matching conditional ECM, wherein crude oil is treated as exogenous. Our ECM is:
where X is a matrix of exogenous control variables. These variables are: cooling degree days (CDD); heating degree days (HDD); deviations from the average number of CDDs and HDDs; 9 We do however include in an appendix a comparison of the full sample ECM results despite a unit root in the nonswitching residuals. The results confirm that switching residuals perform better. the natural gas storage differential from the 5-year average; Baker Hughes' North American rotary rig count.
All of the control variables are standard except for the rig count. We included this variable because there is anecdotal evidence 10 that, because natural gas prices have dropped below marginal production costs, rig count has become more sensitive to natural gas prices. As the natural gas price increases toward marginal costs, more rigs are brought online, and conversely when prices decline rigs are idled. We therefore expect that changes in the rig count to be positively related to contemporaneous changes in the price of natural gas.
Data
Natural gas and oil prices are, as earlier mentioned, rolling front-month logged futures Augmented Dickey-Fuller and Phillips-Perron tests reject a unit root in all exogenous variables.
10 From a recent article in Bloomberg news, "Gas producers in North America including Chesapeake Energy Corp.
(CHK) are killing their commodity's biggest rally in 10 months by opening more wells, putting the U.S. on track to have record gas supplies this year". http://www.bloomberg.com/news/2012-11-14/gas-prices-doomed-to-stay-lowas-producers-pump-faster.html
Full sample ECM results: Switching cointegrating equation 11
The coefficient of the cointegrating term is about -0.15 for the two-state model. This implies a 90% adjustment to equilibrium takes approximately 14 months. The coefficient of the cointegrating term is negative and significant, and is robust to the number of lagged changes in natural gas included in the ECM.
Consistent with theory and prior literature the coefficient of the lagged change in logged crude oil (WTI) is positive and significant across all ECM specifications, except for one where fuel oil is included. This reflects that, when all else is held constant, an increase in crude oil prices tends to increase natural gas prices in subsequent periods.
Regarding the rig count explanatory variable, the change in rig count is positively and significantly related to changes in natural gas prices in the full ECM (12 natural gas price lags).
The coefficient of 0.0002 implies an increase in the rig count of 100 rigs coincides with a 2.02% increase in natural gas prices. The average monthly variation in the rig count is 94. The exogenous factors in the ECM (heating and cooling degree day variables, and natural gas storage) are all of the appropriate sign and most are significant. Lastly, the full-sample ECMs explain about 27% to 38% of the variation in the logged differences in natural gas prices.
We conclude that the residuals from the two-state cointegrating equation may be used to model the long-term relationship between natural gas and crude oil in the ECM framework. The results of using the two-state residuals are consistent with the underlying economic theory and prior literature. Conversely, over our sample, an ECM with a standard one-state cointegrating equation would otherwise be rendered not useable because of a unit root in the residuals induced 11 Following are results of the ECM on monthly prices. Estimates of the ECM on weekly data are similar and available on request.
by regime-switching. However, over the same sample, a two-state Markov-switching cointegrating equation successfully controls for shifts in the cointegrating vector and affords a properly specified ECM of the relationship between natural gas and crude oil prices. This broadens the applicability of the ECM to longer, and more varied, sample periods. 
Subsample results: Switching versus nonswitching cointegrating equation
We estimated ECMs using residuals from the both two and one state cointegrating equations over the months from October 2004 to September 2012. This is the longest, and most recent, subinterval over which can reject a unit root at 5% in the residuals from both the two and one state cointegrating equations. These ECMs enable us to directly compare the performance of the two cointegrating equations.
Notably, the error correction term is negative and significant in the ECMs which use the two-state residuals. However, using the one-state residuals we find the error correction terms are insignificant, and in one ECM the term is positive 13 . We can conclude, over this sample, the two-state residuals are consistent with the ECM form, though the one-state residuals are not.
The crude oil term is positive and significant in the ECMs using both the two and one state residuals. Also, the exogenous terms are all of the appropriate sign. Lastly, the ECMs with 12 'U.S. Residual Fuel Oil Retail Sales by Refiners (Dollars per Gallon)' available from the EIA. 13 Note, a positive error correction term is inconsistent with an ECM, because it implies deviations from equilibrium are compounded, not reduced, over time.
two-state residuals explain slightly more of the variation in natural gas than the ECMs with onestate residuals. The ECM with two-state residuals and 12 months of lagged changes in logged natural gas explains 43.7% of the logged change in natural gas.
[ INSERT TABLE 4 Fuller test statistic with a p-value of 0.0156) 14 . That is, the two-state cointegrating equation compensated for the shift in the cointegrating vector, which led to a properly specified ECM.
Conversely, this shift was missed using standard tests for a unit root in the one-state residuals, which led to an improperly specified ECM.
[ INSERT FIGURE 5 HERE] 14 This prompts a questions about why the ADF test rejected the null of a unit root despite the structural break in the cointegrating relationship. Gregory, Nason, and Watt (1996), in a Monte Carlo experiment, investigated the rejection frequency of the ADF test in the presence of such structural breaks. In an experiment with a cointegrating relationship of length 100 with low serial correlation in the error term they found the rejection frequency was: 96% if there was no structural break; 68% if a structural break occurred at time 0.25 (where time ranges from 0 to 1), 39% if the break was at time 0.5; 31% if the break was at time 0.75. While the marked drop in rejection frequency is evidence that the ADF test correctly indicates against the constant parameter cointegrating relationship, there is still substantial probability that the test will reject the null in the presence of a structural break.
Conclusions
In this analysis we have found evidence for a regime-switching relationship between natural gas and oil prices. This evidence is, firstly, that the cointegrating equation is well-suited to a regime-switching model with two states. The cointegrating equation's residuals have a stationary distribution when using the switching model, and contain a unit root when the relationship is constrained to one state. This is evidence that a two-state cointegrating equation is more broadly applicable to longer, and more varied, sample periods than the one state cointegrating equation. The filtered probabilities of the two-state equation also exhibit stable states with distinct regime-switching.
In an ECM over the full sample, which would not be properly specified with one-sate residuals, the two-state cointegrating equation provided an estimate of the long-term relationship between crude oil and natural gas which is consistent with theory and prior literature. This is evidence that the two-state cointegrating equation successfully controls for parameter shifts in the cointegrating vector over long sample periods.
Additional evidence for the superiority of the regime-switching model is found by a direct comparison of the results of an ECM of natural gas and crude oil prices with two-state residuals, to the results of the same ECM using one-state residuals. Specifically, we found evidence that the two-state cointegrating equation controls for shifts in the parameters of the cointegrating vector which may be missed in standard tests for a unit root in the one-state residuals.
This is evidence that if you specifically choose a time interval where the residuals from the one-state cointegrating equation reject a unit root (the two-state residuals also rejecting a unit root) then the ECM model implied by the two-state cointegrating equation is possibly better than the ECM implied by the one-state cointegrating equation. These results imply, at a minimum, that tests for changes in regimes should accompany any analysis of the long-term relationship between natural gas and crude oil prices.
These results have practical implications beyond motivating the use of Markov-switching cointegrating equations. Firstly, this analysis shows that there is a stronger, and longer lasting, relationship (reversion to a long-term equilibrium) between natural gas and crude oil prices once one controls for endogenous regime switching. This implies these energy markets are more integrated that one would otherwise estimate.
The results also imply that natural gas and crude oil prices did not permanently decouple in the early 2000s, but rather exhibited a temporary shift in August of 2000 to a regime wherein natural gas prices performed relatively better than crude oil prices. This regime lasted, with one interruption coinciding with the Enron collapse, until approximately May of 2009, after which the relationship has reverted to its original state with oil price increases outpacing natural gas prices.
In sum, the two-state cointegrating equation allows for a more thorough and accurate understanding of the long-term equilibrium relationship of natural gas and crude oil prices.
Moreover this understanding spans broader and more varied sample periods. This is evidence that models of the relative pricing of natural gas and crude oil should be conditioned on state probability. Both the natural gas and crude oil price series below are in logs and less the mean of the logged series. Below the price series is the probability that the relative pricing relationship is in state 2. Figure 2. Weekly Data: Both the natural gas and crude oil price series below are in logs and less the mean of the logged series. Below the price series is the probability that the relative pricing relationship is in state 2. 
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